Abstract. Let X be a normal projective variety over an algebraically closed field k of characteristic 0. We consider an int-amplified surjective endomorphism f of X, that is f * L − L = H for some ample Cartier divisors L and H. First, we show that the anti-canonical divisor −K X is weakly numerically equivalent to an effective Weil Q-divisor; and the Albanese morphism of X is an equi-dimensional algebraic fibre space.
Introduction
We work over an algebraically closed field k which has characteristic zero, and is uncountable (only used to guarantee the birational invariance of the rational connectedness property). Let f be a surjective endomorphism of a projective variety X. We say that f is polarized if f * L ∼ qL for some ample Cartier divisor L and integer q > 1. We say that f is amplified (resp. int-amplified), if H := f * L − L is ample for some Cartier divisor L (resp. ample Cartier divisor L).
Note that products of polarized endomorphisms may not be polarized. However, it is easy to see that polarized endomorphisms are int-amplified and hence amplified, and products of amplified (resp. int-amplified) endomorphisms are amplified (resp. int-amplified).
The notion of amplified endomorphisms was first defined by Krieger and Reschke (cf. [17] )
and Fakhruddin showed the following very motivating result. . We shall show in Section 3 that int-amplified endomorphisms have all these nice properties like the polarized case (cf. [19, §3] ). So we will mainly focus on int-amplified endomorphisms throughout this paper. Nevertheless, we ask the following natural question first.
that −K X is pseudo-effective. Cascini, Meng and Zhang [7, to an effective Weil Q-divisor without the assumption of X being smooth. Our first result below generalizes the above to the int-amplified case.
Theorem 1.3. Let X be a normal projective variety admitting an int-amplified endomorphism. Then −K X is weakly numerically equivalent to some effective Weil Q-divisor. If
X is further assumed to be Q-Gorenstein, then −K X is numerically equivalent to some effective Q-Cartier divisor.
We refer to [16, Chapters 2 and 5] for the definitions and the properties of log canonical (lc), Kawamata log terminal (klt), canonical and terminal singularities. Let f : X → X be a non-isomorphic surjective endomorphism of a normal projective variety X. Wahl [28, Theorem 2.8] showed that X has at worst lc singularities when dim(X) = 2. Broustet and
Höring [6, Corollary 1.5] generalized this result to higher dimensional case with additional assumptions that f is polarized and X is Q-Gorenstein. We generalize their result to the int-amplified case in the following.
Theorem 1.4. Let X be a Q-Gorenstein normal projective variety admitting an intamplified endomorphism. Then X has at worst lc singularities.
Let f : X → X be a surjective endomorphism of a normal projective variety X. We consider typical f -equivariant morphisms; see [23, §4] and [19, §4] for the special maximal rationally connected (MRC) fibration, and see also [10, Remark 9.5.25] , [18, Chapter II.3] and [7, §5] for the Albanese morphism and the Albanese map (cf. Section 7). The result below is a generalization of [19, Proposition 1.6 ].
Theorem 1.5. Let f : X → X be an int-amplified endomorphism of a normal projective variety X. Then there is a special MRC fibration π : X Y in the sense of Nakayama [23] (which is the identity map when X is non-uniruled) together with a (well-defined)
surjective endomorphism g of Y , such that the following are true.
(2) Y is a Q-abelian variety (i.e. quasi-étale quotient of an abelian variety) with only canonical singularities. Theorem 1.6. Let f : X → X be an int-amplified endomorphism of a normal projective variety X. Then we have the following.
(1) The Albanese morphism alb X : X → Alb(X) is surjective with (alb X ) * O X = O Alb(X) and all the fibres of alb X are irreducible and equi-dimensional. The induced morphism g : Alb(X) → Alb(X) is int-amplified.
(2) The Albanese map alb X : X Alb(X) is dominant and the induced morphism h : Alb(X) → Alb(X) is int-amplified. 
a flip or a Fano contraction, of a K X i -negative extremal ray, such that we have:
(1) If K X is pseudo-effective, then X = Y and it is Q-abelian.
(2) If K X is not pseudo-effective, then for each i, X i → Y is equi-dimensional holomorphic with every fibre (irreducible) rationally connected and f i is int-amplified.
The X r−1 → X r = Y is a Fano contraction.
The following theorem is an application of Theorem 1.7 and generalizes [19, Theorem
Theorem 1.8. Let f : X → X be an int-amplified endomorphism of a smooth rationally connected projective variety X. Then there exists some
diagonalizable over Q with all the eigenvalues being positive integers greater than 1. In
Note that when f : X → X is a polarized endomorphism of a projective variety X, the action f * | N 1 (X) is always diagonalizable over C and all the eigenvalues are of the same modulus (cf. [19, Proposition 2.9] ). In view of this fact and Theorem 1.8, we ask: Question 1.9. Let f : X → X be an int-amplified endomorphism of a projective variety
The proofs of Theorems 1.3 and 1.4 are in Section 3. The proof of Theorem 1.5 is in Section 6. The proof of Theorem 1.6 is in Section 7. The proofs of Theorems 1.7 and 1.8 are in Section 9.
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Preliminaries

Notation and terminology.
Let X be a projective variety. We use Cartier divisor H (always meaning integral, unless otherwise indicated) and its corresponding invertible sheaf O(H) interchangeably.
Let f : X → X be a surjective endomorphism. A subset Z ⊆ X is said to be f -
Denote by Per(f ) the set of all f -periodic closed points.
Let n := dim(X). We can regard N 1 (X) := NS(X) ⊗ Z R as the space of numerically equivalent classes of R-Cartier divisors. Denote by N r (X) the space of weakly numerically equivalent classes of r-cycles with R-coefficients (cf. [19, Definition 2.2] ). When X is normal, we also call N n−1 (X) the space of weakly numerically equivalent classes of Weil R-divisors. In this case, N 1 (X) can be regarded as a subspace of N n−1 (X). We recall the following cones:
• Amp(X): the cone of ample classes in N 1 (X),
• Nef(X): the cone of nef classes in N 1 (X),
• PEC(X): the cone of pseudo-effective classes in N 1 (X), and
• PE(X): the cone pseudo-effective classes in N n−1 (X).
We refer to [19, §2] for more information.
Definition 2.2. Let f : X → X be a surjective endomorphism of a projective variety X. We say that
Lemma 2.3. Let f : X → X be an amplified (resp. int-amplified) endomorphism of a projective variety X. Let Z be a closed subvariety of X such that f (Z) = Z. Then f | Z is amplified (resp. int-amplified). 
Properties of int-amplified endomorphisms
The first purpose of this section is to give a criterion of int-amplified endomorphisms similar to [19, Proposition 2.9] ; see [19, Definition 2.6] for the notation and symbols involved below. Proof. Note that C • = C • since C is a convex cone. So we may assume C is closed. Let 1 r be the spectral radius of ϕ −1 . Note that ϕ ± (C) = C and C spans V and contains no line. By a version of the Perron-Frobenius theorem (cf. [3] ), ϕ(v) = rv for some nonzero 
Proof. Suppose e := ϕ(v) − v ∈ C. If e = 0, then v = 0 since no eigenvalue of ϕ is 1.
Next, we assume e = 0.
For m ≥ 1, let E m be the convex cone generated by {ϕ
be the convex cone generated by {ϕ −i (e)} i≥1 . Let E be the convex cone generated by {ϕ −i (e)} i∈Z . Then all the above cones are subcones of C. Note that ϕ ± (E) = E and
We claim that E ∞ spans W . Let W ′ be the vector space spanned by E ∞ . Then
In particular, ϕ i (e) ∈ W ′ for any i ∈ Z and hence W ⊆ W ′ . So the claim is proved.
Now we may assume
Proposition 3.3. Let f : X → X be a surjective endomorphism of a projective variety X. Then the following are equivalent.
(1) The endomorphism f is int-amplified.
(2) All the eigenvalues of ϕ := f * | N 1 (X) are of modulus greater than 1. (3) There exists some big R-Cartier divisor B such that f * B − B is big.
It is clear that (1) implies (3), and (4) (1) The endomorphism f is int-amplified.
(2) All the eigenvalues of ϕ := f * | N n−1 (X) are of modulus greater than 1.
(3) There exists some big Weil R-divisor B such that f * B −B is a big Weil R-divisor.
The following lemmas are easy applications of Proposition 3.3.
Lemma 3.5. Let π : X → Y be a surjective morphism of projective varieties. Let
Suppose f is int-amplified. Then g is int-amplifed.
Proof. By Proposition 3.3, all the eigenvalues of f * | N 1 (X) are of modulus greater than 1
and hence so are all the eigenvalues of g
Lemma 3.6. Let π : X Y be a generically finite dominant rational map of projective varieties. Let f : X → X and g : Y → Y be two surjective endomorphisms such that
Then f is int-amplified if and only if so is g.
Proof.
By taking the graph of π, we may assume π is a morphism. One direction follows from Lemma 3.5.
Proof of Theorem 1.3. Denote by ϕ := f * | N n−1 (X) and C the cone of classes of effective Weil-R divisors in N n−1 (X). Then ϕ ± (C) = C. By the ramification divisor formula, 
Then we have an induced invertible linear map σ : V k → V k . For each 0 < k < n, we have induced bi-linear maps ψ :
Denote by
where k < n and
Lemma 3.7. With the above notation and suppose further that f is int-amplified. Assume that 0 < k < n. Then all the eigenvalues of σ| V k /A k are of modulus less than deg f . In
Proof. We show by induction on k from n − 1 to 1. Suppose σ(x k ) = µx k + a k for some
We claim that σ(S) = S and S V 1 . Note that for any s ∈ S, σ(
By the above claim, there exists some v 1 ∈ V 1 \S, such that σ(v 1 ) = λv 1 + s 1 where
. Note that |λ| > 1 since f is int-amplified and by Proposition 3.3. If k = n − 1, then µλ = deg f and hence |µ| < deg f . If k < n − 1, then |µλ| < deg f by induction and hence |µ| < deg f .
The last statement is clear.
Lemma 3.8. With the notation before Lemma 3.7, suppose x i ∈ V i with 0 < i < dim(X) such that ψ(x i , w e ) ≥ 0 for any non-zero effective i-cycle w e ∈ W i . Let x i be the class of
Proof. We may assume w is effective. By Lemma 3.9, w + w ′ = y 1 · · · y n−i for some effective i-cycle w ′ ∈ W i and hypersurfaces
Lemma 3.9. Let X be a projective variety of dimension n. Let W be an m-dimensional closed subvariety of X with m < n. Then there exist hypersurfaces
H i is of pure dimension m and W is an irreducible component of
Proof. Let X be the closed subvariety of P N for some N > 0. Let I be the homogeneous does not contain Y t+1 , we set f t+1 = f t . Suppose Y t+1 ⊆ Z(f t+1 ). Let k be the base field.
Note that S i has at most one element for each i ≤ t + 1. Since k is infinite, there exists some a ∈ t+1 i=1 S i and we set f t+1 = f t + ag t+1 . So the claim is proved.
By the above claim, we may first find some homogenous polynomial h 1 ∈ I such that
Then H 1 is a hypersurface of X. Suppose that we have found hypersurfaces Proof. It is trivial when dim(X) = 1. Assume that dim(X) > 1. By Proposition 3.3, all the eigenvalue of f * | N 1 (X) are of modulus greater than 1. Therefore, deg f > 1 by applying Lemma 3.7 for k = 1.
Lemma 3.11. Let f : X → X be an int-amplified endomorphism of a projective variety X of dimension n > 0. Let Z be a k-cycle of X with k < n. Let H be an ample Cartier
Proof. We may assume Z is effective. If k = 0, lim Proof. We may assume Z is irreducible and f −1 (Z) = Z. Note that f isétale by the ramification divisor formula and the purity of branch loci. Then deg f | Z = deg f and hence Z = A by Lemma 3.12.
Recall that a normal projective variety X is Q-abelian if there exist an abelian variety
A and a finite surjective morphism π : A → X which isétale in codimension 1. (1) All the fibres of π are irreducible.
(2) π is equi-dimensional. 
). Since f is also a closed map, the set f (π −1 (y)) is both open and closed in the connected fibre π −1 (g(y)) and hence g(y) ). So the claim is proved.
Let
Σ 1 is closed and has finitely many irreducible components,
and
is not rationally connected}.
By (1), all the fibres of π outside Σ 3 are rationally connected. Note that the image of a rationally connected variety is rationally connected. So g −1 (Σ 3 ) ⊆ Σ 3 . Now the same reason above implies that Σ 2 = ∅. Similarly, Σ 3 = ∅ if the general fibre of π is rationally connected.
We recall the following lemma. Proof. We only need to show the argument in brackets, which follows from Lemmas 3.6 and 4.3.
K X pseudo-effective case
We first recall the result below. Let θ k : V k → X be the Galois closure of f k : X → X for k ≥ 1 and let τ k : V k → X be the induced finite Galois covering such that θ k = f k • τ k . Then there exist finite Galois
further that X is klt and f is quasi-étale. Then g k and h k areétale when k ≫ 1.
For the result below, we follow the idea of [25, Theorem 3.3] and rewrite the proof here.
Theorem 5.2. Let f : X → X be an int-amplified endomorphism of a klt normal projective variety X with K X being pseudo-effective. Then X is Q-abelian.
Proof. By Theorem 1.3, −K X is pseudo-effective and hence K X ≡ 0. Therefore, f is quasi-étale by the ramification divisor formula. We then apply Lemma 5. A be an ample Cartier divisor on X. Denote by
In the rest of the proof, we always assume k ≫ 1.
We first claim that V k is smooth. Denote by Sing(V k ) the singular locus of V k . Note that g k and h k areétale and Galois. So we may assume Sing(
Let S k be the union of the m-dimensional irreducible components of Sing(V k ). We may
By the projection formula, we have
= 0 by Lemma 3.11, a contradiction. So the claim is proved.
Let n := dim(X). Next, we claim that
. By a similar argument, we have
by Lemma 3.11.
Since f k is quasi-étale, its Galois closure θ k is quasi-étale and hence so is τ k . In particular, c 1 (V k ) is numerically trivial. Therefore, V k is Q-abelian by [29] (cf. [1] ) and hence so is X.
Special MRC fibration and the non-uniruled case
We slightly generalize [15, Lemma 2.4 ] to the following.
Lemma 6.1. Let X be a non-uniruled normal projective variety such that −K X is pseudoeffective. Then K X ∼ Q 0 (Q-linear equivalence) and X has only canonical singularities.
Proof. Let π : Y → X be a log resolution of X. Since Y is non-uniruled, K Y is pseudoeffective by [4, Theorem 2.6] . Thus, we have the σ-decomposition
in the sense of [22] : N σ (K Y ) is an effective R-Cartier divisor determined by the following property: 
be an ample Cartier divisor on X and n := dim(X). Then Therefore,
So X has canonical singularities. Theorem 6.3. Let f : X → X be an int-amplified endomorphism of a non-uniruled normal projective variety X. Then X is Q-abelian with only canonical singularities.
Proof. By Theorem 1.3, −K X is pseudo-effective. So K X ∼ Q 0 and X has only canonical singularities by Lemma 6.1. In particular, K X is pseudo-effective and hence X is Qabelian by Theorem 5.2.
Proof of Theorem 1.5. 
Albanese morphism and Albanese map
We recall the notion of Albanese morphism and Albanese map of a normal projective variety (cf. [7, §5] ).
Definition 7.1. Let X be a normal projective variety. There is an Albanese morphism alb X : X → Alb(X) such that: Alb(X) is an abelian variety, alb X (X) generates Alb(X), and for every morphism ϕ : X → A from X to an abelian variety A, there exists a unique morphism ψ : Alb(X) → A such that ϕ = ψ•alb X (cf. [10, Remark 9.5.25]).
In the birational category, there is an Albanese map alb X : X Alb(X) such that:
Alb(X) is an abelian variety, alb X (X) generates Alb(X), and for every rational map ϕ : X A from X to an abelian variety A, there exists a unique morphism ψ :
If alb X is a morphism, then alb X and alb X are the same.
Let f : X → X be a surjective endomorphism of a normal projective variety X over k. By the above two universal properties, f descends to surjective endomorphisms on Alb(X) and Alb(X). Lemma 7.3. Let f : X → X be an int-amplified endomorphisms of a normal projective variety X. Then the Albanese morphism alb X is surjective.
Proof. Let Z := alb(X) and g := f | Alb(X) . Then g(Z) = Z. By Lemma 3.5, g| Z is intamplified and hence amplified. By Lemma 7.2, Z is an abelian variety. By the universal property of alb X , we have Z = Alb(X).
Lemma 7.4. Let f : X → X be an int-amplified endomorphism of a normal projective variety X. Suppose alb X is finite and surjective. Then alb X is an isomorphism and X is an abelian variety.
Proof. By the ramification divisor formula,
R alb X is the effective ramification divisor of alb X . By Theorem 1.3, −K X is pseudoeffective. So R alb X = 0 and hence alb X isétale by the purity of branch loci. Therefore, For (2), let W be the normalization of the graph of alb X . Then Alb(W ) = Alb(W ) = Alb(X). Note that f lifts to an int-amplified endomorphism f W : W → W by Lemma 3.6. Therefore by (1), the induced endomorphism h : Alb(X) → Alb(X) is int-amplified.
Since alb W is surjective by (1), alb X is dominant.
Minimal model program for int-amplified endomorphisms
The proof of the lemma below is similar to [19, Lemma 6 .1] except the places highlighted for the reader's convenience.
Lemma 8.1. Let f : X → X be an int-amplified endomorphism of a projective variety. Suppose A ⊆ X is a closed subvariety with
Proof. We may assume n :
We first assert that if M ≥0 (A) is a finite set, then so is M(A). Indeed, suppose f r 1 (A) = f r 2 (A) for some 0 < r 1 < r 2 . Then for any i > 0,
So the assertion is proved.
Next, we show that M ≥0 (A) is a finite set by induction on the codimension of A in X.
We may assume k := dim(A) < dim(X). Let Σ be the union of Sing(X), f −1 (Sing(X)) and the irreducible components in the ramification divisor R f of f . Set
We claim that A i is contained in Σ for infinitely many i. Otherwise, replacing A by some A i 0 , we may assume that A i is not contained in Σ for all i ≥ 0. So we have
Let H be an ample Cartier divisor. By the projection formula,
a contradiction. So the claim is proved.
If k ≤ n − 2, assume that |M ≥0 (A)| = ∞. Let B be the Zariski-closure of the union Tensoring with R,
Let f : X → X be an int-amplified endomorphism. By Theorem 8.2, there exists some
Tensoring with R, we have an induced invertible linear map f * :
Note that all the eigenvalues of f * | N 1 (X) are of modulus greater than 1 by Proposition 3.3. So we have the following.
Lemma 9.1. Let X be a Q-factorial lc projective variety. Let π : X → Y be a contraction of a K X -negative extremal ray. Let f : X → X and g : Y → Y be int-amplified 
where λ 1 = λ 2 > 1 by Lemma 9.1. So we may find some x 1 ∈ V R \W such that x 2 := ϕ(x 1 ) − λ 1 x 1 ∈ W R is a (non-zero) eigenvector of λ 2 . We may further assume x 1 is π-ample. Let x 3 ∈ W, · · · , x k ∈ W be the eigenvectors of λ 3 , · · · , λ k , where k = dim V .
We first claim that the intersection number x 
Applying the projection formula for f on X, we have
by the projection formula. So the claim is proved. Now we have
With all the preparation work settled, we now prove our main theorems.
Proof of Theorem 1.7. If K X is pseudo-effective, then (1) follows from Theorem 5.2 and (3) is then trivial. Next, we consider the case where K X is not pseudo-effective.
By [2, Corollary 1.3.3] , since K X is not pseudo-effective, we may run MMP with scaling for a finitely many steps: X = X 1 · · · X j (divisorial contractions and flips) and end up with a Mori's fibre space X j → X j+1 . Note that X j+1 is again Q-factorial (cf. is diagonalizable over C. Let π : X i X i+1 be the i-th step of the sequence ( * ). If π is a flip, then N 1 (X i ) = π * N 1 (X i+1 ) and hence f * i | N 1 (X i ) is diagonalizable over C. If π is a divisorial contraction with E being the π-exceptional prime divisor, then f * i E = λE for some integer λ > 1 by Lemma 9.1. Note that −E is π-ample by [ Since Y is a point, f * | N 1 (X) is diagonalizable over C by Theorem 1.7. Let λ be an eigenvalue of f * | N 1 (X) . Then λ is an eigenvalue of f * i | N 1 (X i )/π * N 1 (X i+1 ) for some i, where π : X i → X i+1 is either a divisorial or Fano contraction. By Lemma 9.1, λ > 1 is an integer. In particular, f * | N 1 (X) is diagonalizable over Q.
